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1 State Transition Matrices

1.1 IMU Kinematics
1.1.1 Linearized Error Dynamics

The state transition matrix is computed by first considering the linearized error dynamics. For the
IMU kinematics, a left perturbation is used on the extended pose, and an additive error is used on
the bias and landmark state. The state is thus given byX =

(
Cab, vba

a , rbaa ,bacc,bω
)
∈ SE2(3)×R6.

The linearized dynamics matrices and the state transition matrices for the calibration parameters
and landmarks are zero and identity, respectively, as these states are assumed constant. For the
IMU, the left perturbation on SE2(3) is given by

T = δTT̄ (1)

=

δC δv δr
0 1 0
0 0 1

C̄ v̄ r̄
0 1 0
0 0 1

 (2)

C v r
0 1 0
0 0 1

 =

δCC̄ δCv̄ + δv δCr̄ + δr
0 1 0
0 0 1

 , (3)

such that isolating for each perturbation yields

δC = CC̄T, (4)
δv = v− δCv̄, (5)
δr = r− δCr̄, (6)
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which implies

C = δCC̄ (7)
v = δv + δCv̄ (8)
r = δr + δCr̄ (9)

(10)

The bias errors are given by

δbacc = bacc − b̄acc, (11)
δbω = bω − b̄ω, (12)

which implies

bacc = b̄acc + δbacc (13)
bω = b̄ω + δbω. (14)

The calibration parameter errors are given by

δCbc = CbcC̄T
bc (15)

rbcb = rbcb − r̄bcb . (16)

The IMU kinematics are given by

Ċ = Cω× = C(uω − bω − wω)× (17)
v̇ = C(uacc − bacc − wacc) + g (18)
ṙ = v (19)

ḃω = wω (20)

ḃacc = wacc. (21)

The linearized error dynamics are derived by taking the error derivatives, then linearizing. For the
IMU DCM this becomes

δĊ = ĊC̄T + C ˙̄CT (22)

= C(uω − bω − wω)×C̄T + C
(
C̄(uω − b̄ω)

)T (23)

= C(uω − bω − wω)×C̄T − C(uω − b̄ω)C̄T (24)

= δCC̄(−δbω − δwω)×C̄T. (25)
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Linearizing in terms of δξϕ yields

δξ̇ϕ
×
=
(

1 + δξϕ
×
)

C̄(−δbω − δwω)×C̄T (26)

= C̄(−δbω − δwω)×C̄T (27)

=
(
C̄(−δbω − δwω)

)×
, (28)

δξ̇ϕ = C̄(−δbω − δwω) (29)
= −C̄δbω − C̄δwω (30)

=
[
0 0 0 −C̄ 0

]

δξϕ

δξv

δξr

δξbω

δξbacc

+
[
−C̄ 0 0 0

] 
δwω

δwacc

δwbω

δwbacc

 . (31)

The velocity error dynamics are given by

δv̇ =
d
dt
(v− δCv̄) (32)

= C(uacc − bacc − wacc) + g− δCC̄(−δbω − δwω)×C̄Tv̄− δCC̄T(uacc − b̄acc) (33)

= δCC̄(uacc − bacc − wacc) + g− δCC̄(−δbω − δwω)×C̄Tv̄− δCC̄T(uacc − b̄acc) (34)

where IMU kinematics are substituted directly into the first term and the last two terms are obtained
using the product rule. Isolating the bias in terms of the nominal one and the error yields

δv̇ =
d
dt
(v− δCv̄) (35)

= C(uacc − bacc − wacc) + g− δCC̄(−δbω − δwω)×C̄Tv̄− δC(C̄T(uacc − b̄acc) + g) (36)

= δCC̄(uacc − bacc − wacc) + g− δCC̄(−δbω − δwω)×C̄Tv̄− δC(C̄T(uacc − b̄acc) + g) (37)

= δCC̄(−δbacc − δwacc) + (1− δC)g− δCC̄(−δbω − δwω)×C̄Tv̄. (38)

Linearizing and neglecting small terms yields

δξv = C̄(−δbacc − δwacc)− δξϕ
×g− C̄(−δbω − δwω)×C̄Tv̄ (39)

= C̄(−δbacc − δwacc)− δξϕ
×g + C̄(δbω + δwω)×C̄Tv̄ (40)

= C̄(−δbacc − δwacc)− δξϕ
×g +

(
C̄(δbω + δwω)

)× v̄ (41)

= −C̄δbacc − C̄δwacc − g×δξϕ − v̄× (C̄(δbω + δwω)
)

(42)

= −C̄δbacc − C̄δwacc − g×δξϕ − v̄×C̄δbω − v̄×C̄δwω (43)

=
[
g× 0 0 −v̄×C̄ −C̄

]

δξϕ

δξv

δξr

δξbω

δξbacc

+
[
−v̄×C̄ 0 0 −C̄

] 
δwω

δwacc

δwbω

δwbacc

 . (44)
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The position error derivative is given by

d
dt
δr =

d
dt
(r− δCr̄) (45)

= v− δĊr̄− δCv̄ (46)

= δv + δCv̄−
(
C̄(−δbω − δwω)

)× r̄− δCv̄ (47)

= δv−
(
C̄(−δbω − δwω)

)× r̄ (48)
= δv + r̄×C̄(δbω + δwω) (49)

Linearizing yields

d
dt
δξr = δv + r̄×C̄(δbω + δwω) (50)

= δξv + r̄×C̄δbω + r̄×C̄δwω (51)

=
[
0 1 0 r̄×C̄ 0

]

δξϕ

δξv

δξr

δξbω

δξbacc

+
[
r̄×C̄ 0 0 0

] 
δwω

δwacc

δwbω

δwbacc

 . (52)

For the accelerometer bias,

δbacc = bacc − b̄acc, (53)
d
dt
δbacc =

d
dt
(
bacc − b̄acc) (54)

= wbacc . (55)

Linearizing,

δξbacc = δwbacc (56)

=
[
0 0 0 0 0

]

δξϕ

δξv

δξr

δξbω

δξbacc

+
[
0 0 0 1

] 
δwω

δwacc

δwbω

δwbacc

 . (57)

The same steps hold for the gyroscope bias. The full linearized error dynamics are thus given by

d
dt
δξ = Fcδξ + Lcδw (58)

=


0 0 0 −C̄ 0

g× 0 0 −v̄×C̄ −C̄
0 1 0 r̄×C̄ 0
0 0 0 0 0
0 0 0 0 0



δξϕ

δξv

δξr

δξbω

δξbacc

+


−C̄ 0 0 0
−v̄×C̄ 0 0 −C̄
r̄×C̄ 0 0 0

0 0 1 0
0 0 0 1



δwω

δwacc

δwbω

δwbacc

 . (59)
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1.1.2 State Transition Matrix from ODE

The state transition matrix arises in the discretization of a linear time-varying (LTV) system in
continuous time. Specifically, given a system without inputs,

ẋ = Fc(t)x(t) (60)

the equivalent discrete-time model is given by

x(t) = Φ(t)x0 (61)

The state transition matrix Φ(t) is of interest. By requiring Φ(t) to satisfy the following conditions,

Φ(0) = 1 (62)

Φ̇(t) = Fc(t)Φ(t), (63)

the resultant expression for x(t) in (61) satisfies the ODE (60). This yields an equivalent discrete-
time model, without any approximations. For the IMU kinematics, this takes the following form,

Φ(0) = 1, (64)

d
dt


Φ1,1 Φ1,2 Φ1,3 Φ1,4 Φ1,5

Φ2,1 Φ2,2 Φ2,3 Φ2,4 Φ2,5

Φ3,1 Φ3,2 Φ3,3 Φ3,4 Φ3,5

Φ4,1 Φ4,2 Φ4,3 Φ4,4 Φ4,5

Φ5,1 Φ5,2 Φ5,3 Φ5,4 Φ5,5

 =


0 0 0 −C̄ 0

g× 0 0 −v̄×C̄ −C̄
0 1 0 r̄×C̄ 0
0 0 0 0 0
0 0 0 0 0



Φ1,1 Φ1,2 Φ1,3 Φ1,4 Φ1,5

Φ2,1 Φ2,2 Φ2,3 Φ2,4 Φ2,5

Φ3,1 Φ3,2 Φ3,3 Φ3,4 Φ3,5

Φ4,1 Φ4,2 Φ4,3 Φ4,4 Φ4,5

Φ5,1 Φ5,2 Φ5,3 Φ5,4 Φ5,5


(65)

It immediately follows for the last two rows that[
Φ4,1 Φ4,2 Φ4,3 Φ4,4 Φ4,5

Φ5,1 Φ5,2 Φ5,3 Φ5,4 Φ5,5

]
=

[
0 0 0 1 0
0 0 0 0 1

]
, (66)

such that

Φ(0) = 1, (67)

d
dt


Φ1,1 Φ1,2 Φ1,3 Φ1,4 Φ1,5

Φ2,1 Φ2,2 Φ2,3 Φ2,4 Φ2,5

Φ3,1 Φ3,2 Φ3,3 Φ3,4 Φ3,5

Φ4,1 Φ4,2 Φ4,3 Φ4,4 Φ4,5

Φ5,1 Φ5,2 Φ5,3 Φ5,4 Φ5,5

 =


0 0 0 −C̄ 0

g× 0 0 −v̄×C̄ −C̄
0 1 0 r̄×C̄ 0
0 0 0 0 0
0 0 0 0 0



Φ1,1 Φ1,2 Φ1,3 Φ1,4 Φ1,5

Φ2,1 Φ2,2 Φ2,3 Φ2,4 Φ2,5

Φ3,1 Φ3,2 Φ3,3 Φ3,4 Φ3,5

0 0 0 1 0
0 0 0 0 1

 .

(68)

Multiplying out the block matrices in (68) and substituting the zeros/identities for the last two rows
yields

Φ̇ =


0 0 0 −C̄ 0

g×Φ1,1 0 0 g×Φ1,4 − v̄×C̄ g×Φ1,5 − C̄
Φ2,1 Φ2,2 Φ2,3 Φ2,4 + r̄×C̄ Φ2,5

0 0 0 0 0
0 0 0 0 0

 . (69)
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Considering zero derivative blocks and initial conditions yields additional structure for Φ,

Φ =


1 0 0 Φ1,4 0

Φ2,1 1 0 Φ2,4 Φ2,5

Φ3,1 Φ3,2 Φ3,3 Φ3,4 Φ3,5

0 0 0 1 0
0 0 0 0 1

 . (70)

The following subblocks may then be solved for as

• Given that Φ̇3,3 = Φ2,3 = 0, Φ3,3 = 1.

• Given that Φ̇3,2 = Φ2,2 = 1, Φ3,2(0) = 0, therefore Φ3,2 = t1.

• Given that Φ̇2,1 = g×Φ1,1 = g×1, and that Φ2,1(0) = 0, then Φ2,1 = tg×.

• Given that Φ̇3,1 = Φ2,1 = tg×, and that Φ3,1(0) = 0, then Φ3,1 =
1
2
t2g×.

• Given that Φ̇1,4 = −C̄,Φ1,4(0) = 0, then Φ1,4 = −
∫ t

0
C̄(t)dt.

• Given that Φ̇2,5 = g×Φ1,5−C̄, and Φ1,5 = 0, and that Φ2,5(0) = 0, then Φ2,5 = −
∫ t

0
C̄(t)dt.

Therefore the structure of Φ is updated as

Φ =


1 0 0 −

∫ t

0
C̄(t)dt 0

tg× 1 0 Φ2,4 −
∫ t

0
C̄(t)dt

1
2
t2g× t1 1 Φ3,4 Φ3,5

0 0 0 1 0
0 0 0 0 1

 . (71)

The remaining subblocks evolve according to the following ODEs,

Φ̇2,4 = g×Φ1,4 − v×C̄ = −g×
∫ t

0

C̄(t)dt− v̄×C̄, (72)

Φ̇3,4 = Φ2,4 + r̄×C̄, (73)

Φ̇3,5 = Φ2,5 = −
∫ t

0

C̄(t)dt. (74)

Therefore, the Φ subblocks are given by the following. Special attention must be paid to the
integration bounds and what each nested integrand is a function of.

Φ2,4 = −g×
∫ t

0

∫ τ

0

C̄(s)dsdτ −
∫ t

0

v̄×(τ)C̄(τ)dτ, (75)

Φ3,4 = −g×
∫ t

0

∫ θ

0

∫ τ

0

C̄(s)dsdτdθ −
∫ t

0

∫ θ

0

v̄×(τ)C̄(τ)dτdθ +
∫ t

0

r̄×(τ)C̄(τ)dt (76)

Φ3,5 = −
∫ t

0

∫ τ

0

C̄(s)dsdτ. (77)
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1.2 SE(3) Kinematics
The continuous SE(3) kinematics are given by

Ċab = Cab(ω
ba
b + w1)

× (78)

ṙbaa = Cab(vba
b + w2). (79)

The rotation part is linearized as

δĊb =
d
dt
(CbC̄T

b ) (80)

= ĊbC̄T
b + Cb

˙̄CT
b (81)

= ĊbC̄T
b + Cb

˙̄CT
b (82)

= Cb(ω
ba
b + w1)

×C̄T
b + Cb

(
C̄bω

ba×

b

)T
(83)

= Cbw×
1 C̄T

b (84)

= δCbC̄bw×
1 C̄T

b (85)

≈ (1 + δξϕ
×
b )C̄bw×

1 C̄T
b (86)

≈ C̄bw×
1 C̄T

b (87)
= (C̄bw1)

× (88)

δξ̇ϕ = C̄bw1. (89)

The position part is linearized as

δṙb =
d
dt

(rb − δCbr̄b) (90)

= ṙb − δĊbr̄b − δCb ˙̄rb (91)
= Cb(vb + w2)− (C̄bw1)

×r̄b − δCbC̄bvb (92)
= δCbC̄b(vb + w2)− (C̄bw1)

×r̄b − δCbC̄bvb (93)
= δCbC̄bw2 − (C̄bw1)

×r̄b (94)

≈
(

1 + δξϕb
×)

C̄bw2 − (C̄bw1)
×r̄b (95)

≈ C̄bw2 − (C̄bw1)
×r̄b (96)

= C̄bw2 + r̄×b C̄bw1 (97)
(98)

The continuous-time linearized error dynamics are therefore

d
dt

[
δξϕ

δξr

]
=

[
03×3 03×3

03×3 03×3

] [
δξϕ

δξr

]
+

[
C̄b 03×3

r̄×C̄b C̄

] [
w1

w2

]
. (99)

The state transition matrix is therefore identity. We can also start with

Ṫ = Tϖ∧. (100)
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Using a left perturbation yields

T = δTT̄ (101)
δT = TT̄−1, (102)

where taking the time derivative yields

δṪ = ṪT̄−1 + T
d
dt

T̄−1
. (103)

The quantity d
dtT̄

−1 is obtained by considering

d
dt
(TT−1) = ṪT−1 + T

d
dt

T−1 = 0 (104)

d
dt

T−1 = −T−1ṪT−1. (105)

Therefore,

δṪ = ṪT̄−1 − TT̄−1 ˙̄TT̄−1 (106)
= Tϖ∧T̄−1 − TT̄−1T̄ϖ∧T̄−1 (107)
= Tϖ∧T̄−1 − Tϖ∧T̄−1 = 0. (108)

Since the extrinsics calibration parameters are assumed constant, their state transition matrices are
also identity.

2 Measurement Models

2.1 Camera Measurement Model
The projection measurement model, given a landmark resolved in the world frame ℓa, the relative
landmark position in the robot body frame is given by

rbℓb = CT
ab (ℓa − ra) , (1)

and the camera pinhole projection model is obtained by projecting this quantity to the image plane,

rbℓb = CT
ab (ℓa − ra) , (2)

yc = s(rbℓb ) =
1

rbℓb,3

[
rbℓb,1
rbℓb,2

]
. (3)

To derive the measurement model Jacobian, the subscripts are dropped for convenience such that

p(C, r, ℓ) = CT (ℓ− r) (4)

yc = s(p) =
1

p3

[
p1
p2

]
. (5)
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The chain rule is used to derive the Jacobians, with

∂

∂p
s(p) =

[ 1
p3

0 −p1/p23
0 1

p3
−p2/p23

]
, (6)

and the Lie group Jacobians derived using a left perturbation. An additive error is used for the
landmark. The error definitions and resultant state expressions are

δC = CC̄T, (7)
δr = r− δCr̄, (8)
C = δCC̄ (9)
r = δr + δCr̄ (10)

δℓ = ℓ− ℓ̄ (11)
ℓ = ℓ̄+ δℓ. (12)

Thus,

p(C, r, ℓ) = CT (ℓ− r) (13)

= (δCC̄)T
(
(ℓ̄+ δℓ)− (δr + δCr̄)

)
(14)

= C̄TδCT
(
(ℓ̄+ δℓ)− δr + δCr̄

)
(15)

= C̄T(1 + δξϕ
×
)T
(
(ℓ̄+ δℓ)−

(
δξr +

(
1 + δξϕ

×
)

r̄
))

(16)

= C̄T
(
(ℓ̄+ δℓ)−

(
δξr +

(
1 + δξϕ

×
)

r̄
))
− C̄Tδξϕ

×
(
(ℓ̄+ δℓ)−

(
δξr +

(
1 + δξϕ

×
)

r̄
))

(17)

= C̄T
(
ℓ̄− r̄

)
+ C̄T

(
δℓ− δξr − δξϕ

×r̄
)
− C̄Tδξϕ

× (
ℓ̄− r̄

)
(18)

= p̄− C̄Tδξr + C̄Tδℓ− C̄Tδξϕ
×
ℓ̄ (19)

= p̄− C̄Tδξr + C̄Tδℓ+ C̄Tℓ̄×δξϕ (20)

= p̄ +
[
C̄Tℓ̄× −C̄T C̄T

] δξϕδξr

δℓ

 , (21)

Dp
DX

=
[
C̄Tℓ̄× −C̄T C̄T

]
, (22)

and the left perturbation measurement Jacobian is given by

D

DX
yc =

∂s
∂p

Dp
DX

. (23)

2.2 Global Pose - SE(3)
The sensors involved are a local sensor with reference frame Fb, a global sensor with reference
frameFc, and the global world frameFa. The state vector is given byX =

(
Cab, rbaa ,Cbc, rcbb , τbc.

)
.

The timestamps are such that tb = tc+ τbc. The local sensor provides relative pose transformations
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Tbkbk−1
. The global sensor provides global pose information, Cac, rcaa . A left perturbation is used.

The states live in SE(3) The perturbation on SE(3) is given by

T = δTT̄ (24)

=

[
δC δr
0 1

] [
C̄ r̄
0 1

]
(25)[

C r
0 1

]
=

[
δCC̄ δCr̄ + δr
0 1

]
, (26)

The error definitions and resultant state expressions are

δC = CC̄T, (27)
δr = r− δCr̄, (28)
C = δCC̄, (29)
r = δr + δCr̄. (30)

To alleviate notational burden, the following two state vectors are used interchangeably. The first
notation is used when kinematics are important, the second when linearizing and using error Ja-
cobians. X =

(
Cab, rbaa ,Cbc, rcbb , τbc.

)
, and X = (Cb, rb,Cc, rc, τ). Thus error definitions and

resultant state expressions for this problem are

δCb = CbC̄T
b , (31)

δrb = rb − δCbr̄b, (32)
Cb = δCbC̄b, (33)
rb = δrb + δCbr̄b (34)

δCc = CcC̄T
c , (35)

δrc = rc − δCcr̄c, (36)
Cc = δCcC̄c, (37)
rc = δrc + δCcr̄c. (38)

2.2.1 No Time Offset Case

For no time offset, the global sensor measures

gsyn(X ) = gsyn(Tabk ,Tbc) (39)

=

(
Cac

rcaa

)
=

(
CabCbc

rbaa + rcba

)
=

(
CabCbc

rbaa + Cabrcbb

)
. (40)

With shortened notation, the same expression reads

y =

(
Y1

y2

)
=

(
Cac

rcaa

)
=

(
CbCc

rb + Cbrc

)
. (41)
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A Taylor series expansion of Y1 yields

Y1 = CbCc (42)

= (1 + δξϕb
×
)C̄b(1 + δξϕc

×
)C̄c (43)

≈ Ȳ1 + δξϕb
×

C̄bC̄c + C̄bδξ
ϕ
c

×C̄c, (44)

= Ȳ1 + (δξϕb + AdC̄b
δξϕc )

×C̄bC̄c (45)

= Ȳ1 + (δξϕb + C̄bδξ
ϕ
c )

×C̄bC̄c (46)

(1 + δξ×y )Ȳ1 = Ȳ1 + (δξϕb + C̄bδξ
ϕ
c )

×C̄bC̄c (47)

δξy = δξϕb + C̄bδξ
ϕ
c (48)

=
[
1 0 C̄b 0

] 
δξϕb
δξr

b

δξϕc
δξr

c

 . (49)

A Taylor expansion of y2 yields

y2 = rb + Cbrc (50)
= δrb + δCbr̄b + δCbC̄b(δrc + δCcr̄c) (51)

≈ δrb +
(

1 + δξϕb
×)

r̄b +
(

1 + δξϕb
×)

C̄b

(
δrc +

(
1 + δξϕc

×
)

r̄c
)

(52)

≈ δrb + r̄b + δξϕb
×

r̄b + C̄b

(
δrc +

(
1 + δξϕc

×
)

r̄c
)
+ δξϕb

×
C̄br̄c (53)

= δrb + r̄b + δξϕb
×

r̄b + C̄bδrc + C̄b

(
1 + δξϕc

×
)

r̄c + δξϕb
×

C̄br̄c (54)

= ȳ2 + δrb + δξϕb
×

r̄b + C̄bδrc + C̄bδξ
ϕ
c

×r̄c + δξϕb
×

C̄br̄c (55)

= ȳ2 + δrb − r̄×b δξ
ϕ
b + C̄bδrc − C̄br̄×c δξ

ϕ
c − (C̄br̄c)×δξϕb (56)

= ȳ2 +
[
−
(
r̄×b + (C̄br̄c)×

)
1 −C̄br̄×c C̄b

] 
δξϕb
δξr

b

δξϕc
δξr

c

 . (57)

The overall measurement model Jacobian is thus given by

Dgsyn

DX
=

[
1 0 C̄b 0

−
(
r̄×b + (C̄br̄c)×

)
1 −C̄br̄×c C̄b

]
. (58)

2.2.2 Time Offset Case

This is derived following the style of [1]. Due to the delay in timestamping the measurement, the
recorded camera timestamp is larger than the actual camera timestamp, with time delay

tkc = tkb + τcb, (59)
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Therefore, when the reported timestamp is given by tkc , this corresponds to

tkb = tkc − τcb, (60)

in the base clock. Example: Camera image is captured, delay is 100ms. Once it reaches the IMU,
it corresponds to 100ms in the past. The camera time tkc is given. This can also be written

tkb = tkc + τbc. (61)

We assume that global sensor fired at same time as local sensor, with a time delay in the measure-
ment being timestamped. The Jacobians w.r.t. spatial extrinsics remain the same. In considering
the timestamps, the measurement model is written as The measurement model is

y =

(
Y1

y2

)
=

(
Cac

rcaa

)∣∣∣∣
tkb

=

 C(tkc−τcb)
b Cc

r(
tkc−τcb)

b + C(tkc−τcb)
b rc

 (62)

=

 C(tkc−τcb)
b Cc

r(
tkc−τcb)

b + C(tkc−τcb)
b rc

 (63)

=

(
Ctkc

b Exp(−ωkτcb)Cc

rt
k
c
b − vkτcb + Ctkc

b Exp(−ωkτcb)rc

)
(64)

Taking a Taylor series expansion of Y1,

Y1 = C̄(tkc−τcb−δτ)
b C̄c (65)

= C̄(tkc−τcb)
b Exp(−ωkδτ)C̄c (66)

= C̄tkb
b Exp(−ωkδτ)C̄c (67)

= C̄bk Exp(−ωkδτ)C̄c (68)
= Exp(−AdC̄bk

ωkδτ)C̄bkCc (69)

= Exp(−C̄bkωkδτ)C̄bkC̄c (70)
DY1

Dτcb
= −C̄bkωk. (71)

(72)

As for the second measurement,

y2 = rt
k
c
b − vkτcb + Ctkc

b Exp(−ωkτcb)rc (73)

= rt
k
c
b − vk(τ̄cb + δτ) + Ctkc

b Exp(−ωk(τ̄cb + δτ))rc (74)

≈ rt
k
c
b − vk(τ̄cb + δτ) + Ctkc

b Exp(−ωkτ̄cb) Exp(−Jr,−ωk τ̄cbωkδτ)rc (75)

≈ rt
k
c
b − vk(τ̄cb + δτ) + Ctkc

b Exp(−ωkτ̄cb)
(
1− (Jr,−ωk τ̄cbωkδτ)

×) rc (76)

= ȳ2 − vkδτ + Ctkc
b Exp(−ωkτ̄cb)r×c Jr,−ωk τ̄cbωkδτ (77)

= ȳ2 − vkδτ + C̄bkr×c Jr,−ωk τ̄cbωkδτ (78)
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For a small time offset/angular velocity, the group Jacobian becomes identity. Then,

y2 = ȳ2 − vkδτ + C̄bkr×c Jr,−ωk τ̄cbωkδτ (79)
= ȳ2 + (−vkδτ + C̄bkr×c ωk)δτ. (80)

3 Observability Analysis

3.1 Linearization-Based Observability Analysis
Given a discrete-time nonlinear system

Xk+1 = f(Xk,uk,wk), wk ∼ Qk, (1)
yk = g(Xk, vk), vk ∼ Rk, (2)

a transformation T (Xk,α) is sought that yields the same measurements uk and yk. The parameter
α parametrizes the transformation T (Xk,α). It can, for instance, be the scale parameter for the
case of a scale unobservability.

Formally, “invariance” is required [2]. For the dynamics, requiring T (Xk+1,α) = f(T (Xk,α),uk,wk)
yields the requirement

T (f(Xk,uk,wk),α) = f (T (Xk,α),uk,wk) . (3)

Furthermore, the measurements remain unchanged,

g(Xk, vk) = g(T (f(Xk),α), vk). (4)

Given the observability matrix defined by

O =


Ck

Ck+1Ak

Ck+2Ak+1Ak
...

Ck+nx−1Ak+nx−2 . . .Ak

 , (5)

where the Jacobians are given in the Lie group sense by Ck = Dg
DX

∣∣
Xk,uk,0

and Ak = Df
DX

∣∣
Xk,0

, the
columns of the Lie group Jacobian D

Dα
T (X , 0)

∣∣
X=X0

lie in the nullspace of O [2, Prop. 1],

D

Dα
T (X , 0)

∣∣∣∣
X=X0

∈ N (O). (6)

Typically, a linearization-based analysis is carried out that yieldsN (O), from which T (X ,α) must
be reconstructed. Defining N ∈ Rnx×dimN (O), where nx is the number of d.o.f. of X , T (X ,α),

T (X ,α) ≈ T (X , 0)⊕ D

Dα
T (X , 0)

∣∣∣∣
X=X0

α (7)

= T (X , 0)⊕ Nα. (8)

In this way, the T (X ,α) may be recovered from the linearization-based observability analysis.
There are some caveats,
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• Technically, the reconstructed transformation is only valid for a small α. However, if the
result satisfies the invariance conditions (3) and (4), this does not matter.

• For a given T (X ,α), there’s no guarantee N = D
Dα
T (X , 0)

∣∣
X=X0

. However, span(N) =

span
(

D
Dα
T (X , 0)

∣∣
X=X0

)
, and the reconstructed transformation (8) will be the same.

The observability matrix may alternatively be written as Therefore, the observability matrix for the
nonlinear Lie group case [2] can also be written as

O =


Ck

Ck+1Φ(tk+1, tk)
Ck+2Φ(tk+2, tk)

...
Ck+nx−1Φ(tk+nx−1, tk)

 . (9)

The steps for an observability analysis are then

1. Construct an error definition, ξ = X ⊖ X .

2. Linearize to yield ξ̇ = A(X ,u)ξ + B(X ,u).

3. Solve for the state transition matrix by solving (??), (??). Note that this not the same as
computing exp(A∆t).

4. Construct a single subblock of the observability matrix Mi = CiΦ(ti, tk), i > k. The
nullspace O of the whole matrix O is sought. It will correspond to the time-independent
portion ofMi.

5. Examine Mi to obtain its nullspace N (Mi), MiN = 0 with N spanned by the columns nj

of N. This step is nontrivial, as the columns of Mi have to analytically be examined for
combinations that yield 0. Quantities that do not vary with time are allowed to be used in the
constructed nullspace vectors. Caveat. The quantities at the zero’th timestep, such as C0, v0,
r0, are allowed to be used.

6. Substitute in the corresponding time-dependent quantities for the ones at the 0’th timestep.
The argument is that we did this whole analysis for any arbitrary starting point along the
trajectory.

7. Reconstruct the nonlinear transformation using (8).

3.2 VINS on Wheels: IMU + Camera
An observability analysis for the monocular camera and IMU case is presented in [3] and repro-
duced here. The camera measurement model is used, and the overall state is given by the IMU state
and a landmark, X = (XIMU, ℓ) = (Cab, vba

a , rbaa ,bω
b ,bacc

b , ℓ). A single block of the observability
matrix is given by

Mk = C(tk)Φ(tk) =
∂s
∂p

Dp
DX

∣∣∣∣
p=C̄T(ℓ̄−r̄)

Φ(tk) (10)
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Motion Type Geometric Constraints
General 3-axis translation, 1-axis rotation Cb,kk = k
Constant Angular and Linear Velocity vk = v, ωk = ω
Constant Rotation Cbk = Cb

Local 1-Axis Translation Without Rotation C̄bk = C̄b, ωk = 0, r̄bk = f(tk)k
Constant Velocity Without Rotation vk = v, C̄bk = C̄b, ωk = 0
1-Axis Rotation Without Translation C̄bkk = k, rbk = 0, vk = 0
One-Axis Angular Velocity Motion Without Translation ωk = ω, rbk = 0, vk = 0
No Motion Cbk = Cb, vk = 0, rb = 0, ωk = 0

Table 1: Geometric constraints for different motion types

Denoting p̄ = C̄T
(
ℓ̄− r̄

)
, the latter right-hand product becomes

Dp
DX

∣∣∣∣
p=p̄

Φ(tk) =
[
C̄T

k ℓ̄
× 0 −C̄T

k 0 0 C̄T
k

]


1 0 0 −
∫ tk
0

C̄(t)dt 0 0
tkg× 1 0 Φ2,4 −

∫ tk
0

C̄(t)dt 0
1
2
t2kg× tk1 1 Φ3,4 Φ3,5 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


(11)

=
[
C̄T

k ℓ̄
× − 1

2
t2kC̄T

k g× −tkC̄T
k −C̄T

k −C̄T
k ℓ̄

× ∫ tk
0

C̄(t)dt− C̄T
kΦ34 −C̄T

kΦ35 C̄T
k

]
(12)

= C̄T
k

[
ℓ̄× − 1

2
t2kg× −tk1 −1 −ℓ̄×

∫ tk
0

C̄(t)dt−Φ34 −Φ35 1
]

(13)

with

Φ3,4 = −g×
∫ t

0

∫ θ

0

∫ τ

0

C̄(s)dsdτdθ −
∫ t

0

∫ θ

0

v̄×(τ)C̄(τ)dτdθ +
∫ t

0

r̄×(τ)C̄(τ)dt (14)

Φ3,5 = −
∫ t

0

∫ τ

0

C̄(s)dsdτ. (15)

The position unobservability nullspace is spanned by the columns of

Npos =
[
0 0 1 0 0 1

]T (16)

The yaw nullspace is non-trivial. One has to realize it involves rotation about the gravity direc-
tion, as well as moving the landmark (the first and last block columns of the observability matrix
columns, respectively). Dropping all but the relevant columns for brevity, the requirement is[

ℓ̄× − 1
2
t2kg× 1

] [n1

n2

]
= 0. (17)

Setting n1 = g, (by assumption) (
ℓ̄× − 1

2
t2kg×

)
g + n2 = 0 (18)

Calibration Doc — October 22, 2025 Page 15 of 27



immediately implies n2 = −ℓ̄×g. Therefore the yaw unobservable direction is given by

Nyaw =
[
gT 0 0 0 0 (−ℓ̄×g)T

]T
. (19)

3.2.1 Constant Acceleration

The following insights are required,

• The fact that the bodyframe acceleration is constant means that it may be used in the nullspace,
along with the feature point f.

• The relative position of the feature point p = C̄T(ℓ−r) lies in the nullspace of the projection
model Jacobian,

∂s(p)
∂p

p = 0. (20)

Furthermore, if bodyframe acceleration aba
b is constant, the following quantity (which is Φ35 up to

a sign), may be simplified as(∫ t

0

∫ τ

0

C̄(s)dsdτ
)

aba
b =

∫ t

0

∫ τ

0

C̄ab(s)aba
b dsdτ (21)

=

∫ t

0

∫ τ

0

aba
a dsdτ (22)

=

∫ t

0

va(τ)− va(0)dτ (23)

= ra(t)− ra(0)− tva(0). (24)

Then,

Mk =
∂s(p)
∂p

C̄T
k

[
ℓ̄× − 1

2
t2kg× −tk1 −1 −ℓ̄×

∫ tk
0

C̄(t)dt−Φ34 −Φ35 1
]

(25)

It is now required Mkn = 0. We know that, for direct relative landmark position measurements, the
only unobservable directions are the standard four. Therefore, the last unobservable direction has to
be obtained by considering the result of C̄T

k

[
ℓ̄× − 1

2
t2kg× −tk1 −1 −ℓ̄×

∫ tk
0

C̄(t)dt−Φ34 −Φ35 1
]

and requiring it to be in the nullspace of the projection model Jacobian ∂s(p)
∂p . This nullspace is
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spanned by the relative landmark position C̄T(ℓ− r). Therefore, the nullspace vector must satisfy

C̄T
k (ℓ− rk) = C̄T

k

[
ℓ̄× − 1

2
t2kg× −tk1 −1 −ℓ̄×

∫ tk
0

C̄(t)dt−Φ34

∫ t

0

∫ τ

0
C̄(s)dsdτ 1

]
,


n1

n2

n3

n4

n5

n6

 ,

(26)

(ℓ− rk) =
[
ℓ̄× − 1

2
t2kg× −tk1 −1 −ℓ̄×

∫ tk
0

C̄(t)dt−Φ34

∫ t

0

∫ τ

0
C̄(s)dsdτ 1

]


n1

n2

n3

n4

n5

n6

 .

(27)

Let us set n5 = −ab, assumed constant. This will allow to obtain rk on the RHS. Then

(ℓ− rk) =
[
ℓ̄× − 1

2
t2kg× −tk1 −1 −ℓ̄×

∫ tk
0

C̄(t)dt−Φ34 1
]


n1

n2

n3

n4

n6

− rk + r0 + tkva(0).

(28)

Let n2 = va(0). Then

(ℓ− rk) =
[
ℓ̄× − 1

2
t2kg× −1 −ℓ̄×

∫ tk
0

C̄(t)dt−Φ34 1
] 

n1

n3

n4

n6

− rk + r0. (29)

Then setting n6 = ℓ and n3 = r0 yields equality. Therefore the unobservable direction is

n =
[
nT
1 nT

2 nT
3 nT

4 nT
5 nT

6

]T (30)

=
[
0T va(0)

T ra(0)T 0T −aT
b ℓT

]T
, (31)

where the state ordering isX = (XIMU, ℓ) = (Cab, vba
a , rbaa ,bω

b ,bacc
b , ℓ). This is the same as in VINS

on Wheels.

Scale Unobservable Direction Physical Interpretation
If we do not know the physical interpretation, how do we figure it out? The fact that this is an
unobservable direction, means that for a nominal state X̄ , the state X̄ ⊕ (αδξn), where δξn ∈

Calibration Doc — October 22, 2025 Page 17 of 27



span(N), and α some constant, yields the same measurements. Therefore,

X = X̄ ⊕ αδξn =


Cab

vba
a

rbaa
bω
b

bacc
b

ℓ

⊕ α


0

va(0)
ra(0)

0
−aba

b

ℓ

 =


δCCab

δv + δCv̄ba
a

δr + δCr̄baa
bω
b + δbω

bacc
b + δbacc

ℓ+ δℓ

 (32)

=


Cab

δξv + v̄ba
a

δξr + r̄baa
bω
b + δbω

bacc
b + δbacc

ℓ+ δℓ

 (33)

=


Cab

αv̄0 + v̄ba
a

αr̄0 + r̄baa
bω
b

bacc
b − αaba

b

ℓ+ αℓ

 (34)

=


Cab

v̄ba
a

r̄baa
bω
b

bacc
b

ℓ

+


0

αv̄0

αr̄0
0

−αaba
b

αℓ

 (35)

where matrix notation was abused to stack the substates vertically. Since this observability argu-
ment holds for any time tk instead of t0, one can now substitute X̄ for X̄0

X =


Cab

v̄ba
a

r̄baa
bω
b

bacc
b

ℓ

+


0

αv̄0

αr̄0
0

−αaba
b

αℓ

 =


Cab

v̄ba
a

r̄baa
bω
b

bacc
b

ℓ

+


0

αv̄ba
a

αr̄baa
0

−αaba
b

αℓ

 =


0

αv̄ba
a

αr̄baa
0

bacc
b − (α− 1)aba

b

αℓ

 , (36)

where the substitution α ← α − 1 was made in the last equality, since α can be any scalar. One
can then guess the scale transformation, where the robot position and landmarks are all scaled by
α. It is clear that the position, landmarks, and velocity will be scaled by α. The accelerometer will
measure

uacc = CT
ab(αaba

a − g) + bacc (37)

= CT
ab(a

ba
a − g) + (α− 1)aba

b + bacc (38)

= CT
ab(a

ba
a − g) + (α− 1)aba

b + bacc. (39)
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If we set a new bias to b̃acc = bacc − (α− 1)aba
b , we recover the same accelerometer measurement.

This is the same as the direction that was found through the non-observable directions.

3.2.2 Constant Rotation

Same procedure, a single block of the observability matrix is given by

Mk = C(tk)Φ(tk) =
∂s
∂p

Dp
DX

∣∣∣∣
p=C̄T(ℓ̄−r̄)

Φ(tk) (40)

Denoting p̄ = C̄T
(
ℓ̄− r̄

)
, the latter right-hand product becomes

Dp
DX

∣∣∣∣
p=p̄

Φ(tk) = C̄T
k

[
ℓ̄× − 1

2
t2kg× −tk1 −1 −ℓ̄×

∫ tk
0

C̄(t)dt−Φ34 −Φ35 1
]

(41)

with

Φ3,4 = −g×
∫ t

0

∫ θ

0

∫ τ

0

C̄(s)dsdτdθ −
∫ t

0

∫ θ

0

v̄×(τ)C̄(τ)dτdθ +
∫ t

0

r̄×(τ)C̄(τ)dt (42)

Φ3,5 = −
∫ t

0

∫ τ

0

C̄(s)dsdτ. (43)

For constant rotation,

Φ3,4 = −g×
∫ t

0

∫ θ

0

∫ τ

0

C̄(s)dsdτdθ −
∫ t

0

∫ θ

0

v̄×(τ)C̄(τ)dτdθ +
∫ t

0

r̄×(τ)C̄(τ)dt (44)

= −g×C̄
∫ t

0

∫ θ

0

∫ τ

0

dsdτdθ −
∫ t

0

(r̄(θ)− r̄0)×dθC̄ +

∫ t

0

r̄×(τ)C̄(τ)dt (45)

= −t3

6
g×C̄ + tr̄×0 C̄, (46)

Φ3,5 = −
∫ t

0

∫ τ

0

C̄(s)dsdτ = −t2

2
C̄. (47)

For constant orientation, the fourth block of the Dp
DX matrix becomes

−ℓ̄×
∫ tk

0

C̄(t)dt−Φ34 = −ℓ̄×
∫ tk

0

C̄(t)dt−
(
−t3

6
g×C̄ + tr̄×0 C̄

)
(48)

= −tkℓ̄×C̄ +
t3

6
g×C̄− tr̄×0 C̄. (49)

Therefore, once more considering the latter right-hand product with the constant orientation as-
sumption,

Dp
DX

∣∣∣∣
p=p̄

= C̄T
k

[
ℓ̄× − 1

2
t2kg× −tk1 −1 −ℓ̄×

∫ tk
0

C̄(t)dt−Φ34 −Φ35 1
]

(50)

= C̄T
k

[
ℓ̄× − 1

2
t2kg× −tk1 −1 −tkℓ̄×C̄ + t3

6
g×C̄− tr̄×0 C̄ −(− t2

2
C̄) 1

]
(51)

= C̄T
k

[
ℓ̄× − 1

2
t2kg× −tk1 −1 −tkℓ̄×C̄ + t3

6
g×C̄− tr̄×0 C̄ t2

2
C̄ 1

]
. (52)
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Then considering the nullspace of the right-hand matrix, s

[
ℓ̄× − 1

2
t2kg× −tk1 −1 −tkℓ̄×C̄ + t3

6
g×C̄− tr̄×0 C̄ t2

2
C̄ 1

]


n1

n2

n3

n4

n5

n6

 . (53)

Consider the answer from VINS on wheels, where

N =


C̄
−v×

0

−r×0
03×3

g×C̄Tr×0
−ℓ×

 (54)

I don’t think this works for us. Perhaps its the error definition. Let’s try to figure something out.

[
ℓ̄× − 1

2
t2kg× −tk1 −1 −tkℓ̄×C̄ + t3

6
g×C̄− tr̄×0 C̄ t2

2
C̄ 1

]
N =


1
0
0
0

C̄Tg×

−ℓ×

 . (55)

Constant Rotation Unobservability Physical Interpretation
We consider the state X perturbed by a linear combination of the columns of N, Nδξ

X = X̄ ⊕ αδξn =


Cab

vba
a

rbaa
bω
b

bacc
b

ℓ

⊕


1
0
0
0

C̄Tg×

−ℓ×

 δξ =


C̄ab

v̄ba
a

r̄baa
b̄ω
b

b̄acc
b

ℓ̄

⊕


δξ
0
0
0

C̄Tg×δξ
−ℓ̄×δξ

 (56)

=


Exp(δξ)Cab

v̄ba
a

r̄baa
b̄ω
b

b̄acc
b + C̄Tg×δξ
ℓ̄− ℓ̄×δξ

 . (57)
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If we rotate the robot as Cab ← (1 + δξ×) C̄ab, and consider the accelerometer measurements, we
get

uacc =
((

1 + δξ×
)

C̄ab

)T
(aba

a − g) + bacc (58)

= C̄T
ab

(
1− δξ×

)
(aba

a − g) + bacc (59)

= C̄T
ab

(
1− δξ×

)
aba
a + C̄T

abg− C̄T
abδξ

×g + bacc (60)
(61)

TODO Iron this out, this is half baked for now.

3.3 Degenerate Multisensor: SE(3) Odometry + Global Pose
The first notation is used when kinematics are important, the second when linearizing and using
error Jacobians. X =

(
Cab, rbaa ,Cbc, rcbb , τbc.

)
, and X = (Cb, rb,Cc, rc, τ). The k’th block of the

observability matrix is given by

Mk = CkΦk (62)
= Ck (63)

=

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
. (64)

The quantities C̄b, r̄b are in general time-varying, evaluated at time tk. The quantity r̄c is time-
invariant.

3.3.1 General 3-axis translation, 1-axis rotation

For a 1-axis rotation about a vector k, the geometric constraint is

Cb,kk = k. (65)

We can try the following nullspace vector

Mkn =

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
0
−k
0
k
0

 . (66)

The physical transformation is given by
Cabk

rbkaa

Cbc

rcbb
τcb

 =


C̄abk

r̄bkaa

C̄bc

r̄cbb
τ̄cb

⊕

δξϕb
δξr

b

δξϕc
δξr

c

δτcb

 =


C̄abk

r̄bkaa

C̄bc

r̄cbb
τ̄cb

⊕ α


0
−k
0
k
0

 =


δCbC̄abk

δrb + δCbr̄bkaa

δCcC̄bc

δrc + δCcr̄cbb
δτcb

 =


C̄abk

−αk + r̄bkaa

C̄bc

αk + r̄cbb
τ̄cb

 .

(67)

For planar motion, with k =
[
0 0 1

]T, the z-component of the extrinsics is unobservable (can
vary together with position in z direction).
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3.3.2 Constant Angular and Linear Velocity

For a 1-axis rotation about a vector k, the geometric constraint is

Cb,kk = k. (68)

Furthermore, angular and linear velocity is constant,

vk = v, ωk = ω. (69)

Mknk =

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
n. (70)

We can try the nullspace vector,

Mknk =

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
0
v
ω
0
1

 (71)

=

[
C̄bkω − C̄bkω

v− C̄bk r̄×c ω − vk + C̄bkr×c ωk

]
= 0. (72)

The physical transformation is given by
Cabk

rbkaa

Cbc

rcbb
τcb

 =


C̄abk

r̄bkaa

C̄bc

r̄cbb
τ̄cb

⊕ α


0
v
ω
0
1

 =


δCbC̄abk

δrb + δCbr̄bkaa

δCcC̄bc

δrc + δCcr̄cbb
τ̄cb + δτcb

 =


C̄abk

αv + r̄bkaa

Exp(αω)C̄bc

r̄cbb
α + τ̄cb

 . (73)

No clear interpretation is available here. However, we are able to change the odometry sensor
position, extrinsic rotation, and time offset together.

3.3.3 Constant Rotation

For constant rotation,

Cbk = Cb. (74)

Can try,

Mknk =

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
0

C̄bk

0
−1
0

 = 0. (75)
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Physical interpretation is given by
Cabk

rbkaa

Cbc

rcbb
τcb

 =


C̄abk

r̄bkaa

C̄bc

r̄cbb
τ̄cb

⊕


0
C̄bk

0
1
0

α =


δCbC̄abk

δrb + δCbr̄bkaa

δCcC̄bc

δrc + δCcr̄cbb
τ̄cb + δτcb

 =


C̄abk

C̄abkα+ r̄bkaa

C̄bc

−α+ r̄cbb
τ̄cb

 . (76)

This means the robot position is unobservable, varying together with the position extrinsic. The
C̄abk takes care of the reference frame change.

3.3.4 Local 1-Axis Translation Without Rotation

The geometric constraint is

C̄bk = C̄b, ωk = 0, r̄bk = f(tk)k. (77)

Can try,

Mknk =

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
k
0
n3

0
0

 (78)

=

[
k + C̄bkn3

−
(
r̄×bk + (C̄bk r̄c)×

)
k− C̄bk r̄×c n3

]
(79)

=

[
k + C̄bkn3

−(C̄bk r̄c)×k− C̄bk r̄×c n3

]
, (80)

setting n3 = −C̄T
bk

k yields

Mknk =

[
k− C̄bkC̄bkk

−(C̄bk r̄c)×k + C̄bk r̄×c C̄T
bk

k

]
= 0. (81)

The unobservable direction is thus

n =


k
0

−C̄T
bk

k
0
0

 (82)

The physical interpretation is
Cabk

rbkaa

Cbc

rcbb
τcb

 =


C̄abk

r̄bkaa

C̄bc

r̄cbb
τ̄cb

⊕ α


k
0

−C̄T
bk

k
0
0

 =


δCbC̄abk

δrb + δCbr̄bkaa

δCcC̄bc

δrc + δCcr̄cbb
τ̄cb + δτcb

 =


Exp(αk)C̄abk

Exp(αk)r̄bkaa

Exp(−αC̄T
bk

k)C̄bc

Exp(−αC̄T
bk

k)r̄cbb
τ̄cb

 (83)

We can rotate extrinsics and body rotation in the opposite directions to recover the same measure-
ments.

Calibration Doc — October 22, 2025 Page 23 of 27



3.3.5 Constant Velocity Without Rotation

The geometric constraint is

vk = v, C̄bk = C̄b, ωk = 0 (84)

Can try,

Mknk =

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
0
v
0
0
1

 (85)

Physical interpretation is
Cabk

rbkaa

Cbc

rcbb
τcb

 =


C̄abk

r̄bkaa

C̄bc

r̄cbb
τ̄cb

⊕ α


0
v
0
0
1

 =


δCbC̄abk

δrb + δCbr̄bkaa

δCcC̄bc

δrc + δCcr̄cbb
τ̄cb + δτcb

 =


C̄abk

αv + r̄bkaa

C̄bc

r̄cbb
α + τ̄cb

 . (86)

Changing the robot position along the velocity allows us to change the time offset and recover the
same measurements.

3.3.6 1-Axis Rotation Without Translation

The geometric constraint is

C̄bkk = k, rbk = 0, vk = 0, (87)

Can try,

Mknk =

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
0
−k
0
k
0

 , (88)

as well as

Mknk =

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
−k
0

CT
bk

k
0
0

 , (89)
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such that

N =


0 −k
−k 0
0 CT

bk
k

k 0
0 0

 . (90)

Physical interpretation is given by
Cabk

rbkaa

Cbc

rcbb
τcb

 =


C̄abk

r̄bkaa

C̄bc

r̄cbb
τ̄cb

⊕ Nα =


C̄abk

r̄bkaa

C̄bc

r̄cbb
τ̄cb

⊕


0 −k
−k 0
0 CT

bk
k

k 0
0 0

α =


δCbC̄abk

δrb + δCbr̄bkaa

δCcC̄bc

δrc + δCcr̄cbb
τ̄cb + δτcb

 (91)

=


Exp(−α2k)C̄abk

−α1k + Exp(−α2k)r̄bkaa

Exp(α2CT
bk

k)C̄bc

α1k + Exp(α2CT
bk

k)r̄cbb
τ̄cb

 (92)

=


0
−α1k

0
α1k
0

+


Exp(−α2k)C̄abk

Exp(−α2k)r̄bkaa

Exp(α2CT
bk

k)C̄bc

Exp(α2CT
bk

k)r̄cbb
τ̄cb

 . (93)

We can rotate extrinsics and robot pose in opposite directions, as well as shift extrinsic and robot
position in opposite diretions, along the axis of movement.

3.3.7 One-Axis Angular Velocity Motion Without Translation

The geometric constraint is

ωk = ω, rbk = 0, vk = 0. (94)

Can try,

Mknk =

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
C̄bkω

0
0
0
1

 . (95)

Physical interpretation,
Cabk

rbkaa

Cbc

rcbb
τcb

 =


C̄abk

r̄bkaa

C̄bc

r̄cbb
τ̄cb

⊕ α


C̄bkω

0
0
0
1

 =


δCbC̄abk

δrb + δCbr̄bkaa

δCcC̄bc

δrc + δCcr̄cbb
τ̄cb + δτcb

 =


Exp(αC̄bkω)C̄abk

Exp(αC̄bkω)r̄bkaa

C̄bc

r̄cbb
α + τ̄cb

 (96)
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3.3.8 No Motion

Geometric constraints are

Cbk = Cb, vk = 0, rb = 0,ωk = 0. (97)

Can try

Mknk =

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
0
0
0
0
1

 , (98)

as well as

Mknk =

[
1 0 C̄bk 0 −C̄bkωk

−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −vk + C̄bkr×c ωk

]
C̄bk

0
−1
0
0

 (99)

=

[
C̄bk − C̄bk

−
(
r̄×bk + (C̄bk r̄c)×

)
C̄bk + C̄bkr×c

]
= 0. (100)

Time offset is unobservable. Furthermore, robot orientation and orientation extrinsics can be ro-
tated opposite way to get same measurements.

3.4 Odometry + GPS
The state transition matrix is identity. Measurement model Jacobian is just the position portion of
the global pose measurement model. Thus,

Ck =
[
−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −v̄k + C̄bk r̄×c ωk

]
(101)

and,

Mk = CkΦk = Ck =
[
−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −v̄k + C̄bk r̄×c ωk

]
. (102)

Nullspace vector equation may be formed as

Mkn =
[
−
(
r̄×bk + (C̄bk r̄c)×

)
1 −C̄bk r̄×c C̄bk −v̄k + C̄bk r̄×c ωk

]

n1

n2

n3

n4

n5

 (103)
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