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1 State Transition Matrices

1.1 IMU Kinematics

1.1.1 Linearized Error Dynamics

The state transition matrix is computed by first considering the linearized error dynamics. For the
IMU kinematics, a left perturbation is used on the extended pose, and an additive error is used on
the bias and landmark state. The state is thus given by X = (Cab7 vba pba pace, b“) € SE»(3) xRS,
The linearized dynamics matrices and the state transition matrices for the calibration parameters
and landmarks are zero and identity, respectively, as these states are assumed constant. For the
IMU, the left perturbation on S E»(3) is given by

T =TT (D
[6C ov or] [C v r
~lo 1 ollo 10 @)
0 0 1] [0 01
Cvr [0CC 6CV + ov OCF + or
0 1 0] = 0 1 0 , 3)
001 |o 0 1

such that isolating for each perturbation yields

6C =CC', “4)
v =v — 0Cv, S
or=r — 0Cr, (6)
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which implies

C =46CC )
v =0v+0Cv (8)
r = or + 0Cr 9
(10)

The bias errors are given by
Sb3C = pc _ Bacc7 (1 1)
ob® =b*¥ —b¥, (12)

which implies

bacc — Bacc + 5bacc (13)
b¥ = b¥ + Jb¥. (14)

The calibration parameter errors are given by

6Cpe = C.Cy, (15)
¢ =k — e (16)
The IMU kinematics are given by
C = Cw* = C(u® —b¥ — w¥)* (17)
"7 — C(uaCC _ baCC _ Wacc) + g (18)
r=v (19)
b = w* (20)
l')acc — we. (21)

The linearized error dynamics are derived by taking the error derivatives, then linearizing. For the
IMU DCM this becomes

5C = CCT + CCT (22)
— C(u* —b* —w*)*CT + C (C(u” —b*))" (23)
= C(u” — b* — w*)*C" — C(u” — b*)C" (24)
= §CC(—b” — sw*)*CT. (25)
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Linearizing in terms of §&? yields

e = (1 + 5§¢*) C(—ob* — sw*)*CT

= C(—6b* — 6w¥)*CT
= (C(—0b” — ow¥)) "™,
0% = C(—0b* — sw*)
= —Cob* — Céw*
¢
ggv ow"
—[0 00 —C o |s|+[-C o000l
5gb oW’
b 5wb21CC
5£ acc
The velocity error dynamics are given by
d
O -0
V=5 —(v—6CV) ) ) )
— C( acc _ pace _ Wacc) +g— (SCC(—(Sbw o 5ww)><cT‘7 o 5ccT(uacc o Bacc)
= 0CC (U™ — b*° — w*°) + g — 6CC(—0b* — sw*)*C'v — §CCT (u™*

_ Bacc)

(26)
27)
(28)
(29)
(30)

€19

(32)

(33)
(34)

where IMU kinematics are substituted directly into the first term and the last two terms are obtained
using the product rule. Isolating the bias in terms of the nominal one and the error yields

ov = %(V — JCv) (35)
— C(uacc o bacc _ wacc) + g o 5CC(_5bw _ 5ww)><CTv _ (5C(CT< acc Bacc) + g) (36)
= 0CC(u*° — b** — w*°) 4+ g — §CC(—b* — ow*)*C'v — §C(CT (0™ — b™°) +g) (37)
= 0CC(—6b*° — w**) + (1 — C)g — 6CC(—6b* — sw*)*C'v. (38)
Linearizing and neglecting small terms yields
0" = C(—0b™ — sw**) — 5£%" g — C(—0 w*)*CTv (39)
— C(—6b™° — sw™) — 6¢° g + C(6b ) C'v (40)
— C(—6b™° — sw™) — 6¢° g + (‘ C(6b* + 6w*)) " v (41)
= —Cob™* — CowW™* — g*6£% — v* (C(db* + ow*)) (42)
= —Cob™® — Cow™™ — g*6¢? — v<Cob* — v Cow (43)
¢
gﬁv oW
—[g* 0 0 —v*C ]| o€ | +[-vC 00 ¢ | (44)
0g" Swhace
5£bm
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The position error derivative is given by

d d _
&51’ = a(r — (SCI')
=v—0Cr —6Cv

= v + 0CV — (C(—6b* — 6w)) " F — 6CV
= v — (C(—ob* — ow)) " F
= 6v +r*C(b* + dw*)

Linearizing yields
d r =X w w
Edé = ov+ 17 C(0b” + ow")

= 0€" +1°Cob” + r*Cow~
Y34

owv
_ 5£V _ Jwice
= [0 1 0 r*C 0} 0 | + [f'XC 00 0} Swbe
6€bw 5Wbacc
5€bacc
For the accelerometer bias,
Sb2C = pe _ Bacc’
d d _
—§b*C — — (pEec _ p°
AL
— wbacc'
Linearizing,
5€bacc — 5Wbacc
o]
ggv owv
=000 00| |+[00 0 1] x%
5£’bu 5wbacc
6£bacc

(45)
(46)
(47)

(48)
(49)

(50)
D

(52)

(53)
(54)
(55)

(56)

(57)

The same steps hold for the gyroscope bias. The full linearized error dynamics are thus given by

d
06 = F3€ + Low

0 00 —-C 0 5€? —-C 00 0
g 0 0 —v*C —C| | 6¢ —v<C 0 0 —C
=10 10 rC 0 S|+ rr*C 00 0
0 00 O 0 | |og 0 01 0
0 00 0 0 | |0&b 0 00 1

(58)
owv
5wacc
5wa (5 9)
5wbacc
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1.1.2 State Transition Matrix from ODE

The state transition matrix arises in the discretization of a linear time-varying (LTV) system in
continuous time. Specifically, given a system without inputs,

x = F.(t)x(t) (60)

the equivalent discrete-time model is given by
x(t) = ®t)xo (61)
The state transition matrix ®t) is of interest. By requiring ®t) to satisfy the following conditions,
®(0)=1 (62)
o (t) = Fe(t)®(1), (63)

the resultant expression for x(¢) in (61) satisfies the ODE (60). This yields an equivalent discrete-
time model, without any approximations. For the IMU kinematics, this takes the following form,

(0) =1, (64)

D, Py P13 Py Py 0 00 _C, 07 D, Py P13 Py Py
d Dy Pry Poz Py Pos ge 00 —vC —C| |Py1 Prz P2z Poya Pos
E ¢'3,1 ‘I’3,2 ‘133,3 <I’3,4 ‘1’3,5 =10 1 0 r*C 0 ‘133,1 ‘I)3,2 ‘1)3,3 <I’3,4 '1’3,5
Py Pup Puy Pus Pus 0 00 0 0 | |Ps1 Pup Puz Puy Pyp
P51 P5o Pss Psa P 0 00 0 0 P51 P5o Pss Psa P
(65)
It immediately follows for the last two rows that
B, Byp Piy Duy Bu5| [0 0 0 10 (©6)
®;, o P55 oy P55 (000 0 0 1)
such that
®(0) =1, 67)
P, Dy ‘I)l,s D4 D 00 —C_ 0_ (I)l,l (1)1,2 ‘1)1,3 <I’1,4 '1’1,5
d Dy Py ‘192,3 ‘I’2,4 D, 5 g« 00 —VX_ -C ‘1’2,1 ‘I’2,2 ‘1’2,3 ‘I’2,4 ‘I’2,5
a P31 P3o Pz P3a Py =0 1 0 1" 0 P31 Py Pz Psa Py
Dy Dy Puz Pyy Pyp 0 00 0 0 0 0 0 1 0
D, Py Ps3 D5y D5 0 00 0 0 0 0 0 0 1

(68)

Multiplying out the block matrices in (68) and substituting the zeros/identities for the last two rows
yields

0 0 0 —C 0

_ gP; 0 0 g°®,,—vC g°®,;-C

b= P, Pyp Py3 Py, +r*C P, 5 . (69)
0 0 0 0 0
0 0 0 0 0
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Considering zero derivative blocks and initial conditions yields additional structure for ®,

1 0 0 &, 0
@271 1 0 CI)274 (1)2,5
P = ¢3,1 ¢3,2 ¢3,3 q)3,4 (1)3,5
0 0 0 1 0
0 0 0 0 1

The following subblocks may then be solved for as

¢ Given that (‘5373 = @273 = 0, (19373 =1.

Given that @, 4, = —C, ®,,4(0) = 0, then &, 4 = — [ C(t)dt

Therefore the structure of ® is updated as

1 0 0 — [ C(t)dt 0
g~ 1 0 P, 4 — [y C(t)dt
P = %thX t1 1 ‘1)3’4 (133,5
0 00 1 0
0 00 0 1

The remaining subblocks evolve according to the following ODEs,

t
“52’4 = gX@174 — VXC = —g>< / C(t)dt —V
0

‘i)3,4 =®,, +1°C,

t
D35 =Py = —/ C(t)dt.
0

Given that &35 = @9y = 1, ®3,(0) = 0, therefore ®35 = 1.
Given that <i>2,1 =g*®,; = g*1, and that ®,,(0) = 0, then ®,; = tg*.
Given that &3, = ®,, = tg*, and that ®3,(0) = 0, then &3, = st?g.

(70)

Given that @, 5 = g*®, ;—C, and ®, 5 = 0, and that B, 5(0) = 0, then ®,5 = — [ C(t)dt.

0

(71)

(72)
(73)

(74)

Therefore, the @ subblocks are given by the following. Special attention must be paid to the

integration bounds and what each nested integrand is a function of.

By, = —g" / / dsdT—/tVX( )C(r)dr,

By, — g /// 5)dsdrdd — // IC(r d7d6+/0t “(r)

@35 = / / deT

(75)
C(r)dt  (76)

(77)
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1.2 SE(3) Kinematics

The continuous S E/(3) kinematics are given by

Cop = Cop(wl® +wy)* (78)
27 = Cup (V2" + wy). (79)
The rotation part is linearized as
6Cy = i(C c) (80)
b= g\t |
= C,C] + C,C (81)
= GG + C,CF (82)
_ _ AT
= Cb(wg“ + W1)XC;)I- + Cb (waga > (83)
= CwC; (84)
= 0C,Cyw C} (85)
~ (14 6€%)Cywi €] (86)
~ Cyw1C} (87)
= (wal)X (83)
5€? = Cywy. (89)
The position part is linearized as
5y = L (r, — 5C,8,) (90)
Iy, = dt Iy bl
=1, — 6CyFy — 6CyTy 91)
= Cb(Vb + Wz) — (wal)xf’b — (SCbeVb (92)
= 6Cbe(Vb + WQ) — (wal)xf‘b — (5CbeVb (93)
= 5CbeW2 — (wal)xf'b (94)
~ (1 + 5£Z)X) wa2 — (wal)xf'b 95)
~ Cywy — (Cyw1) Ty (96)
= CbWQ + f'; wal (97)
(98)

The continuous-time linearized error dynamics are therefore

d 5€¢> B 03><3 03><3 5€¢ Cb 03><3 Wy
a [5£r] - [03><3 03><3] |:5€r:| + Lxcb C ] |:W2:| : (99)

The state transition matrix is therefore identity. We can also start with

T=Tw". (100)
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Using a left perturbation yields

T =TT (101)
0T =TT, (102)
where taking the time derivative yields
L d -,
T =TT " + TaT : (103)

The quantity %T_l is obtained by considering

d : d
—(TT H =TT '4+T—-T'=0 104
dt( ) +To (104)
d .
—T'=—_1T!'TT .. 105
p” (105)
Therefore,
6T =TT ! — TT'TT (106)
=TT ' - TT 'Tw’" T} (107)
=TT - Tz T = 0. (108)

Since the extrinsics calibration parameters are assumed constant, their state transition matrices are
also identity.

2 Measurement Models

2.1 Camera Measurement Model

The projection measurement model, given a landmark resolved in the world frame £, the relative
landmark position in the robot body frame is given by

rzgg = C:zrb (ea - ra) ) (1)

and the camera pinhole projection model is obtained by projecting this quantity to the image plane,

r) = CJ, (£, —1,), )
1 [rbt 1
bl b,1

vo = sty = — |01 3)
) = [ré’é

To derive the measurement model Jacobian, the subscripts are dropped for convenience such that

p(C,r,£)=C" (£—r) 4)
. . i D1
yvo=ste) = - |1 ®)
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The chain rule is used to derive the Jacobians, with

ﬁ _{p% 0 —Pl/pg}

0 - —p2/p3 ©

and the Lie group Jacobians derived using a left perturbation. An additive error is used for the
landmark. The error definitions and resultant state expressions are

§C = CCT, (7)

or=r— 0Cr, (8)

C =4CC )

r = r + 6CF (10)

=£—2¢ (1T)

£=10+6¢. (12)

Thus,

p(C,r,£)=C" (£—r) (13)

= (6CC)" ((£+ 6€) — (6r + 6Cr)) (14)

= CT6C" ((€+ 6€) — 6r + 6Cr) (15)

= CT(1+0e™)T ((Z+5e) - (55f+ (1+55¢X) r>) (16)
—CT ((2 +50) — (55f + (1 n 55“) r)> _ CTogd” ((Z +50) — (55 + (1 n 55“) r>>

(17)

= CT(2—7) +CT (66— o¢"— 5¢*"F) — CTog?™ (£~ ¥) (18)

—p—CTot"+C ot —CToe?™ ¢ (19)

=p—CT6& +CTo6L+CTexoe? (20)

5&%
=p+[CTex —CT CT] |o¢ |, (21)
Y2
@ _ [CTpx _ T T
DX_[Ce cT C7], (22)

and the left perturbation measurement Jacobian is given by

D Js Dp
oy =P 23
XY~ 9p DX 23)

2.2 Global Pose - SE(3)

The sensors involved are a local sensor with reference frame F, a global sensor with reference
frame F., and the global world frame F,. The state vector is given by X = (Cab7 r’, Cy,, r,‘jb, Tbc.).
The timestamps are such that ¢, = ¢. + 7,.. The local sensor provides relative pose transformations
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Ty, .- The global sensor provides global pose information, C,., r5*. A left perturbation is used.
The states live in SF/(3) The perturbation on S F(3) is given by

T =TT (24)

oC or| [C r
- [0 1] {o 1} (25)

Cr §CC OCF + or
{0 1} - { 0 1 ] ’ (26)

The error definitions and resultant state expressions are

§C =CCT, 27)
or=r — 0Cr, (28)
C = CC, (29)

r = or + 0Cr. (30)

To alleviate notational burden, the following two state vectors are used interchangeably. The first
notation is used when kinematics are important, the second when linearizing and using error Ja-
cobians. X = (Cap, 1%, Cpe, 1, Tie.), and X = (Cy, 13, Cc,xe, 7). Thus error definitions and
resultant state expressions for this problem are

6Cy = C,CJ, (31)
ory, =1, — 0Cy 1y, (32)
C, = 6C,C,, (33)

r, = 0ry + 0Cry (34)

§C. = C.C!, (35)
or. =r,— 0C.re, (36)
C.=6C.C,, (37)

r. = or, + 0C,r.. (38)

2.2.1 No Time Offset Case

For no time offset, the global sensor measures

gsyn(X) — gsyn<Tabk7 Tbc) (39)
o Cac _ Cabcbc o Cabec
- (rg‘l) n (rfﬂ + rgb) - (r’;“ + Cabrgb) ' (40)

With shortened notation, the same expression reads
Yl Cac Cch
= = = . 41
Y (Y2) (fff) (rb + Cbl‘c) D
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A Taylor series expansion of Y; yields

Y, = GC.
= (1+0&7)Cy(1 + 6627)C.
~ Y, 4007 C,C, + Cyoe? " C,,
= Y + (0€] + Adg, 0€2)“C,C,
=Y, + (6&) + C,0£2)*C,C.
(1+0€)Y: =Y + (8¢ + Cp0€2)*CyC.
0€, = 0&) + C,0€?
I3
~[10 C 0 ggg
0§

A Taylor expansion of y, yields

y2 =1, + Gyre
= 51’1, + 5beb + 5Cbe(5rC + 5CCfc)

~ Oy + (1 n 55;,’“) ot <1 n 55;,’“) G, <5rc n (1 n 65‘5*) f'c>
~ Oty + Ty + 067 Ty + €y <(5rc v (1 n 555’*) i‘c) + 6£7 7 Gy,
= 61y + Fy + 080 By + Cypore + G, (1 + 555’*) F. 4 6£07 CyFe

— §o + 0ry + 0€0 Fy + Co0r, + Co0€2 T, + 0&7 " CyF,
= ¥y + 01y — 060 + Cyor, — CpF X 0€2 — (CyF.)* 0€7

o¢;
_ _ = _ = —y F o0&
5ok [+ (OR)) 1 -G G |0
0&;
The overall measurement model Jacobian is thus given by
Dgsyn o 1 B 0 S_:b _0
DX |- (]_i'l;< -+ (be.c)x) 1 —be‘z Gyl

2.2.2 Time Offset Case

(42)
(43)
(44)
(45)
(46)
(47)
(48)

(49)

(50)
D

(52)
(53)
(54)

(55)
(56)

(57)

(58)

This is derived following the style of [1]. Due to the delay in timestamping the measurement, the

recorded camera timestamp is larger than the actual camera timestamp, with time delay

te =ty + Te,

(59)
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Therefore, when the reported timestamp is given by ¢*, this corresponds to
ty =tk — 1a, (60)

in the base clock. Example: Camera image is captured, delay is 100ms. Once it reaches the IMU,
it corresponds to 100ms in the past. The camera time ¢* is given. This can also be written

th =15+ 7. (61)

We assume that global sensor fired at same time as local sensor, with a time delay in the measure-
ment being timestamped. The Jacobians w.r.t. spatial extrinsics remain the same. In considering
the timestamps, the measurement model is written as The measurement model is

(-

(tlg —ch)
_ G G (63)

k_TC
_ ClEtc b) CC
t]lf r(tlcc_'rcb) + C<tlg_7cb)

b b

(62)

k_Tc Ig_'rc
rgtc ) + Cgt b)rc
CY Exp(—wyT)Ce
=, G Pebaa) (64)
ry — ViTer + Cf Exp(—wym)r.
Taking a Taylor series expansion of Y1,
_(th—ry—57) =
y, = ¢l g, (65)
— (t’g—’rcb) —
=C, Exp(—wyd71)C. (66)
= C! Exp(—wyé7)C, 67)
= Cbk Exp(—wk(ST)Cc (68)
= Exp(—AdCbk wy07)Cy, C, (69)
= Exp(—CbkwkéT)Cbk CC (70)
DY, _
=-C . 71
Drs by Wk (71)
(72)
As for the second measurement,
th th
Y2 =1 — V7o + Cf Exp(—wyty)r, (73)
= 1F — V(T + 07) + C Exp(—wi(Fa + 7)) (74)
= rzlg — V(T + 07) + C}iéc Exp(—wiTew) Exp(—Jr —w, 7, wpdT)T. (75)
~ rzlé — Vi (Tep + 07) + Czlg Exp(—wiTe) (1 — (Jr—wpry@i07) ™) Te (76)
= Yo — V0T + ClF Bxp(—wiTup) 1 Tr oy, WEOT 77)
== yQ - Vk(ST + CberJr,—wk%cbwk:(ST (78)
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For a small time offset/angular velocity, the group Jacobian becomes identity. Then,

Y2 = Y2 — Vi0T + Cbkerr,fwkfcbwk(ST (79)
= yQ + (—thsT —+ ébkrzwk)éT' (80)

3 Observability Analysis

3.1 Linearization-Based Observability Analysis

Given a discrete-time nonlinear system

Xy = f( X, ue, Wi), Wi ~ Q, (D
Yi = 8(Xk, Vi), Vi ~ Ry, (2)
a transformation 7 (X}, ) is sought that yields the same measurements uy, and y;. The parameter

a parametrizes the transformation 7 (X}, ). It can, for instance, be the scale parameter for the
case of a scale unobservability.

Formally, “invariance” is required [2]. For the dynamics, requiring 7 (Xj 41, &) = (T (X, @), ug, wy,)
yields the requirement

T(f (X, uge, Wi), @) = f (T (X, @), g, W) . 3)
Furthermore, the measurements remain unchanged,
g(Xk, vie) = g(T(f(X), @), Vi) 4)
Given the observability matrix defined by
_ c, -
Cri1As

0= Cri2Ak 1Ay , (%)

_Ck+nzflAk+n172 <o Ak_

where the Jacobians are given in the Lie group sense by C;, = he

Dg | _ Df ’
% |2 w0 and A, = 5% Xk,O’t

columns of the Lie group Jacobian %T(X ,0) ‘ +—x. lie in the nullspace of O [2, Prop. 1],

Xo

D rix.0

e e N(0). (6)

X=AX)

Typically, a linearization-based analysis is carried out that yields A/(O), from which 7 (X, ) must
be reconstructed. Defining N € R7=xdimN(O) \where n,, is the number of d.o.f. of X, T(X, ),

D
TX,a)~T(X,000 —T(X,0 7
(X = TE0E 5 TE0| o
= T(X, 0) @ Na. 8)

In this way, the 7 (X, ) may be recovered from the linearization-based observability analysis.
There are some caveats,
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* Technically, the reconstructed transformation is only valid for a small c. However, if the
result satisfies the invariance conditions (3) and (4), this does not matter.

* For a given T (X, ), there’s no guarantee N = £=7(X,0 However, span(N) =

) ‘X:XO'
span (%7’()’( ,0) ‘ e Xo>’ and the reconstructed transformation (8) will be the same.

The observability matrix may alternatively be written as Therefore, the observability matrix for the
nonlinear Lie group case [2] can also be written as

Cy
Ck+1q)(tk+1 ) tk)
0= Cr2®(tis2, tr) . )

| Crtng—1 P (Esn,—1, ) |
The steps for an observability analysis are then
1. Construct an error definition, £ = X © X.
2. Linearize to yield £ = A(X,u)¢ + B(X,u).
3. Solve for the state transition matrix by solving (??), (??). Note that this not the same as
computing exp(AAt).

4. Construct a single subblock of the observability matrix M; = C;®(¢;, ), > k. The
nullspace O of the whole matrix O is sought. It will correspond to the time-independent
portion of M.

5. Examine M; to obtain its nullspace N'(M;), M;N = 0 with A/ spanned by the columns n;
of N. This step is nontrivial, as the columns of M; have to analytically be examined for
combinations that yield 0. Quantities that do not vary with time are allowed to be used in the
constructed nullspace vectors. Caveat. The quantities at the zero’th timestep, such as Cy, vo,
ro, are allowed to be used.

6. Substitute in the corresponding time-dependent quantities for the ones at the 0’th timestep.
The argument is that we did this whole analysis for any arbitrary starting point along the
trajectory.

7. Reconstruct the nonlinear transformation using (8).

3.2 VINS on Wheels: IMU + Camera

An observability analysis for the monocular camera and IMU case is presented in [3] and repro-
duced here. The camera measurement model is used, and the overall state is given by the IMU state
and a landmark, X = (Xmu, £) = (Cap, v, 122, b b £). A single block of the observability
matrix is given by

M, = C(te)@(tk) = -5 o D(1x) (10)
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Motion Type Geometric Constraints

General 3-axis translation, 1-axis rotation Gk =k

Constant Angular and Linear Velocity Vi =V, Wwp=w

Constant Rotation G, =G,

Local 1-Axis Translation Without Rotation Cp, =Cp, wp =0, 1, =f(tr)k
Constant Velocity Without Rotation vi=vVv, G, =6C, wp,=0

1-Axis Rotation Without Translation Cbkk =k, 1, =0 v,=0
One-Axis Angular Velocity Motion Without Translation | wy, =w, 1, =0, v, =0

No Motion C,.=6Cyp, v =0, 1,=0, w,=0

Table 1: Geometric constraints for different motion types

Denoting p = CT (€ — ), the latter right-hand product becomes

1 0 0 —[*C(t)dt 0

. ltkg 1 0 P, 4 — [ C(t)dt
p ~T px ~T ~T1 |3tig” til 1 D3y P35
2 @) =[CTex 0 —CT 0 0 : !
DX|, () = |G C Cil |2 0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

(1)

= [Clex - LClg” —4,C —Cl —Clex [[*C(t)dt — CT @3 —CJ P35

(12)

=Ci [e* —1g" —t1 —1 —€ [*C(t)dt — By —Bys 1] (13)

with

t

®;, =—g" /// s)dsdrdf — // 7)C(T de9+/ “(7)C(7)dt (14)
0

Bys— — / / 5)dsdr. (15)

The position unobservability nullspace is spanned by the columns of
T
Npos=[0 0 1 0 0 1] (16)

The yaw nullspace is non-trivial. One has to realize it involves rotation about the gravity direc-
tion, as well as moving the landmark (the first and last block columns of the observability matrix
columns, respectively). Dropping all but the relevant columns for brevity, the requirement is

px 142 n; _
[E 718" 1] {nz} 0. a7
Setting n; = g, (by assumption)
- 1
(eX — §t§gX) g+n, =0 (18)
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immediately implies n, = —€*g. Therefore the yaw unobservable direction is given by

Nyw =[g7 0 0 0 0 (—0°g)7]". (19)

3.2.1 Constant Acceleration
The following insights are required,

* The fact that the bodyframe acceleration is constant means that it may be used in the nullspace,
along with the feature point f.

* The relative position of the feature point p = CT (£ —r) lies in the nullspace of the projection
model Jacobian,

p=0. (20)

Furthermore, if bodyframe acceleration a® is constant, the following quantity (which is ®35 up to

a sign), may be simplified as

t T t T
( / / C(s)dsdr) alt = / / Cop(s)al*dsdr (21)
0 Jo 0o Jo
t T
= / / a’*dsdr (22)
0o Jo
t

/ Vo(T) — o (0)dr (23)

l‘j(t) - ra(()) - tva(o)' (24)

Then,

M, = Cp[ex —1t2gc —1 —1 —£< [[*C(t)dt — ®3qy —P35 1]  (25)

It is now required M;n = 0. We know that, for direct relative landmark position measurements, the
only unobservable directions are the standard four. Therefore, the last unobservable direction has to
be obtained by considering the result of C] [ZX — %t%gx —t,1 —1 —g% Ot’“ C(t)dt — &3, —Bs;s 1]

Os(p)

and requiring it to be in the nullspace of the projection model Jacobian o This nullspace is
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spanned by the relative landmark position CT (£ — r). Therefore, the nullspace vector must satisfy

n
np
Ci(l—ry) =Cf [0* — Lt2g* —t,1 —1 —€< [[*C(t)dt — @3 [ [7 C(s)dsdr 1], Ei
n;
_n6_
(26)
o,
ny
2 % [te & t T g n;
(£—ry) = [ —1t3g* —1 —1 —£< [*C(t)dt — @3 [, [7 C(s)dsdr 1] n,
ns
_n6_
27
Let us set n; = —a,, assumed constant. This will allow to obtain r;, on the RHS. Then
n;
ny
(E — l'k) = [ZX — %tigx —tkl -1 —ZX gk C(t)dt — (1334 1] nsg| —ry+rg-+ tha(O).
ny
Ng
(28)
Let ny = v,(0). Then
n
(€—ry) = [0 — 12gx —1 —* [*C(t)dt — By 1] ;‘i — 1t Ty, (29)
Ng
Then setting ng = £ and n3 = r yields equality. Therefore the unobservable direction is
n=[n{ n] n] nf n] nHT (30)
—[07 v,(0)T r,(0)T 0T —af 7], 31)

where the state ordering is X = (Xvu, £) = (Cap, V27, 2%, by’ b, £). This is the same as in VINS
on Wheels.

Scale Unobservable Direction Physical Interpretation
If we do not know the physical interpretation, how do we figure it out? The fact that this is an
unobservable direction, means that for a nominal state X, the state X & («d€,), where 6&, €
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span(N), and o some constant, yields the same measurements. Therefore,

Cab 0 i 6CCab
vhe v4(0) oV + 6Cvbe
_ r’ r,(0) or + §Cro®
X =X&adg, = b Do 0 | | by+ob (32)
bzcc _aga bzcc + Sbace
£ | £ L+ o¢
C(zb
5€v + {,Za
B 5€r + f.ga
| by +ope (33)
bicc £ dbec
L+ o¢
Cab
vy + v
| arg -+
b — cale
£+ ak
Cu 0
vle avy
e Ty
=l v |*] o (35)
bzla)cc _aaga
£ ok

where matrix notation was abused to stack the substates vertically. Since this observability argu-
ment holds for any time ¢, instead of ¢;, one can now substitute X for &)

Cab 0 Cab 0 0
ybe avg ybe avbe avbe
po | I O o N arb | arl’ (36)
| by 0 | |y 0o | 0 ’
bice —aab? bice —aab? b — (o — 1)ale
L ol L ol ol

where the substitution o <— « — 1 was made in the last equality, since a can be any scalar. One
can then guess the scale transformation, where the robot position and landmarks are all scaled by
a. It is clear that the position, landmarks, and velocity will be scaled by .. The accelerometer will
measure

u* = C], (el — g) +b** (37)
= Cj,(ak — g) + (o — D)a)® + b** (38)
= CJ,(al* — g) + (o — 1)a}" + b*. (39)
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If we set a new bias to b = b —

(o — 1)ab, we recover the same accelerometer measurement.

This is the same as the direction that was found through the non-observable directions.

3.2.2 Constant Rotation
Same procedure, a single block of the observability matrix is given by

ds Dp

M, = C(t,)®(t) = oo DX| o D (1) (40)
p=CT (&)
Denoting p = CT (Z — f’) , the latter right-hand product becomes
Dp ~T [ 142 7 Uk £
o ®(ty) = Cp [0 — L2g* —1 —1 —£< [FC(t)dt — B3 —Py5 1] (4D
=
with
t 0 _ t B
By, — g / / / 5)dsdrdd — / / v (1) C(r)drdd + / PO (42)
0o Jo 0
@3 5 = / / deT (43)
For constant rotation,
t
P;,=—g / / / s)dsdrdf — / / 7)drdd +/ “(1)C(7)dt (44)
0
t
= —gXC/ / / dsdrdf — /( r(0) —f‘g)XdQC—I—/ r*(7)C(r)dt (45)
0
= ——g *C + 1§ C, (46)
2
@3 5 = / / deT = — 9 —C. (47)
For constant orientation, the fourth block of the ¥ matrix becomes
_ te _ e _ 3 _ _
—£ / C(t)dt — @34 = £~ / C(t)dt — (—EgXC + trgC) (48)
0 0
PX O t3 X O =X O

Therefore, once more considering the latter right-hand product with the constant orientation as-

sumption,
Dp =Cy [¢x -1 thl —1 —€< [*C(t)dt — 3 — B35 1] (50)
px| . * W8 —tl -1 =% [[FC()dt — gy —Pss
pf
=Cl[ex - 1t2g* —t1 -1 —,£*C+Lg*C—tryC —(-£C) 1] (51
=C [ex - 1t2g* —t11 -1 —,£*C+Lg*C—tryC LC 1] (52)
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Then considering the nullspace of the right-hand matrix, s

(< —l2gx —1 -1 —4,£°C+Lg*C—tr;C £C 1]

Consider the answer from VINS on wheels, where

n;
n;
n;
ny
n;
Ng

(53)

(54)

I don’t think this works for us. Perhaps its the error definition. Let’s try to figure something out.

[0 —i2g" —t,1 —1 —4,£°C+5g"C—tiyC 5C 1JN=

Constant Rotation Unobservability Physical Interpretation
We consider the state X' perturbed by a linear combination of the columns of N, N&

Cab
vhe
_ rba
X =X D adg, = o | @
bb
bgCC
£
Exp(0&)Cap
Vba
i
by + CTg"o¢
0 —05¢

SO

CTgx
— %

0§

Cab

Sha
Va

=ba
r,
w
b
acc
bQ
L

(=R

CTgx
—b*

0§
0
0
0

CTg*o¢

| —0*5¢ |

(55)

(56)

(57)
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If we rotate the robot as C,; < (1 + 0€*) C.», and consider the accelerometer measurements, we
get

u' = ((1+40€%) Cp) ' (a2 — g) + b* (58)
=CJ, (1—6¢") (a2 —g) +b** (59)
=Cj, (1-0¢%) a;” + C,g — C,06%g + b (60)

(61)

TODO Iron this out, this is half baked for now.

3.3 Degenerate Multisensor: SE(3) Odometry + Global Pose

The first notation is used when kinematics are important, the second when linearizing and using
error Jacobians. X = (Cqp, 15, Cpe, 1, Ty.), and X = (Cy, 1y, Ce, ¥, 7). The k’th block of the
observability matrix is given by
M;, = C, P, (62)
=Gy (63)
1 B 0 ?bk _0 —Cékwk (64)
— (f‘;k + (Cbkf'c)x> 1 —Cbkf'é< Cbk —Vi + Cbkrcxwk

The quantities C, T}, are in general time-varying, evaluated at time ¢,. The quantity F, is time-
invariant.

3.3.1 General 3-axis translation, 1-axis rotation

For a 1-axis rotation about a vector k, the geometric constraint is

Cik =k. (65)
We can try the following nullspace vector
0
1 0 C, 0 Cyw K
M fr _ — -~ _ bkf _ - Qk k 0
Kt — (l‘;}C + (Cbkl‘c)x) 1 —Cbkl'é< Cbk —Vi + Cbkl'é(wk Kk (66)
0
The physical transformation is given by
Cap, Cab, o€y Ca, 0 6CyCapy Cay
rgka f._(l;ka 552 f._gka —k ory + 5(_:bf2ka —Ozk_+ faZka
Cbc = Cbc © 66? = Cbc ©® « 0 = 5Cccbc == Cbc
e r’ 5E" s k ) ] O v ok + 15’
Teb Teb (5ch Teb 0 57—01) Teb

(67)

. . T T
For planar motion, with k = [0 0 1} , the z-component of the extrinsics is unobservable (can
vary together with position in 2 direction).
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3.3.2 Constant Angular and Linear Velocity

For a 1-axis rotation about a vector k, the geometric constraint is
Cik =k

Furthermore, angular and linear velocity is constant,

1 0 G 0
M = _ . _ _ Ok —
K - (rlfk + (Cber)X) 1 _Cbkrj Cbk

We can try the nullspace vector,

1 0 G, 0

Cbkw — Cbkw

- _V—Cbkf'cxw—vk—i-ébkrjwk =0
The physical transformation is given by
Cabk Cabk 0 5Cbcabk
I’Zka f’;’“a v (51‘1) + 5?1,?2’““
Coe | =1 Cpe | Do |w]| = 0C.Cype
ry? r’ 0 ore + 0C.r’
Teb Teb 1 Teb + (5ch

|~ (f'lfk =+ (Cbkf‘c)x) 1 —Cbkf';< Cbk —Vi + Cbkrjwk

—Cékwk
—Vi + Cbkl'é< Wi

—Cbkwk :|

— o £ <4

(68)

(69)

(70)

(71)

(72)

(73)

No clear interpretation is available here. However, we are able to change the odometry sensor

position, extrinsic rotation, and time offset together.

3.3.3 Constant Rotation

For constant rotation,

Cy, = Cy.
Can try,
_0
M;n; = —x 1 _ 0 7Cb’1 0 _Cékwk Co
— (rbk + (Cp ko)) 1 —C,5f Cp, —Vi+ Cprlwy 1
0

=0.

(74)

(75)
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Physical interpretation is given by

Cap, Cap, 0 0C,Cap, - Cay,

I‘Zka f'zka Cbk. (Sl'b + 5be'gka Cabka + f'gka

Co |=[Coe |@]|0|a= 6C.Coe = Cpe : (76)
re £ 1 or. + 6C.I —a+ 1

Teb 7_—cb 0 7_—cb + 57—6!) 7_-cb

This means the robot position is unobservable, varying together with the position extrinsic. The

C.s, takes care of the reference frame change.

3.3.4 Local 1-Axis Translation Without Rotation

The geometric constraint is

Cbk = Cb, Wi = 0, f'bk = f(tk)k 77
Can try,
k
‘ 1 0 C, 0 Cy w 0
M,n;, = _ — et . - 78
S (e B N A iy
0
[ k + Cbkn3
= _ = _ — 79
— (rbk + (Cp,Fe)*) k — Cp, TXn3 (79)
o [ B k + Cbk n_3
= |- (CpFe)k — CyyFimy | (80)
setting ng = —C; k yields
_ k— Cbk Cbkk _
Miny = [_@,kmk + CprrCy k| =0 1)
The unobservable direction is thus
k
70
n= —Ckak (82)
0
0
The physical interpretation is
Cabk Cabk k 5CbCabk EXP(Oék)Cabk
rka f‘_gk“ 0 ory + 59bf'gka Exp(ali)f'gkai
Coo | =] Coe | ®a —Cgkk = 0C.Cpe = E><;p(—04(;kak)Cbc (83)
e ry’ 0 or. + 6C.I Exp(—aC; k)ry’
Teb 77—cb 0 7tcb + 57—01) 7_—cb

We can rotate extrinsics and body rotation in the opposite directions to recover the same measure-
ments.
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3.3.5 Constant Velocity Without Rotation

The geometric constraint is

Vi =V, Cbk =C), wp=0 (84)
Can try,
0
1 0 G, 0 —Cy, wy, .
MU= (6 4 (G0 1 Gl G et Coriwr] | 3)
1

Physical interpretation is

Cabk Cabk 0 5CbCabk Cabk

rosa rore v dry + 0C,Foxe Qv + Fore

Co. |=|Co |Da|0| = 6C.Cpe = Cpe . (86)
ry? £ 0 or, + 0C £

Teb Teb 1 Teb + 57—01) o+ Tep

Changing the robot position along the velocity allows us to change the time offset and recover the
same measurements.
3.3.6 1-Axis Rotation Without Translation

The geometric constraint is

Cbkk = k, rbk = 0, Vi = 07 (87)
Can try,
0
C = -k
_ 1_ 0 _Cbk _() _Cgkwk
M;n; = {_ (f-bxk + (Cbkf'6>><) 1 —CprtX Cp, —Vi+ Cbkrzwk:| 1(: ) (88)
0
as well as
-k
C ~ 0
_ 1 - 0 _Cbk: _() _Cgkwk .
M;n;, = [_ (tp, + (Cpre)*) 1 —Cp it Gy —Vi+ Cbkrcxwk] szk TG
0
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such that

0 —k
-k 0
N=1|0 Ckak
k 0
0 0
Physical interpretation is given by

Ca, Ca, Cau, 0 -k 0C,Cop,
rba roxe ke -k 0 dry + 6Cyree
Coo [=]Coe |@Na=|Cy |©]|0 Clkla=[ JICCy
e’ v r’ k 0 ore + 0C.ry
Teb Teb Teb 0 0 Teb + 57—cb

Exp(—agk)Cep,
—a1k + Exp(—aok)r+e

= Exp(azC] k)Cp.
ark + Exp(a,Cj K)ry
Teb

0 Exp(—ask) Ca,
—a 1k Exp(—aok)rb:e
= 0 + | Exp(a2C] k)Cy.
ak Exp(a;Cy, K)r§’

0 Teb

(90)

oD

92)

(93)

We can rotate extrinsics and robot pose in opposite directions, as well as shift extrinsic and robot

position in opposite diretions, along the axis of movement.

3.3.7 One-Axis Angular Velocity Motion Without Translation

The geometric constraint is

Can try,
Cbkw
. . 0
M., — 1 B 0 9% _0 —Cgkwk 0
A R (f';C + (Cbkf‘c)x) 1 —Cbkf'é< Cbk —Vi + Cbkrcxwk 0
1
Physical interpretation,
Cabk Cabk. (_Ibkw 5Cb(_1abk EXp(OzC_bkw)Cabk
I'Zka f'_gka 0 (Sl'b -+ (ngbf'gk“ EXp(Oégbkw)f'gka
Cbc = Cbc Sole! 0 = 6Cccbc = Cbc
r r? 0 or. + 6C.r r
Teb Teb 1 Teb + 57—01) o+ Teb

(94)

(95)

(96)
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3.3.8 No Motion

Geometric constraints are

Cbk = Cb, Vi = 0, ry, = 0, Wi — 0. (97)
Can try
0
1 0 C 0 Cpw 0
_ _ “by B T Wk
Myn, = | (f-bxk + (Cbkfc)x) 1 -C,rf C, —vi+ Cbkrjwkl g ) (98)
1
as well as
Cy,
' 1 0 C 0 Cyw 0
_ _ by, A T Wk _
Mknk - (l‘;C + (Cbkfc)x) 1 —Cbkf'é< Cbk —Vi + Cbkrjwk} 01 (99)
0
[ Cy, — Cs,
= _ — s — =0. 100
L (rljk + (Cbkrc)x> Cbk + Cbkrz ( )

Time offset is unobservable. Furthermore, robot orientation and orientation extrinsics can be ro-
tated opposite way to get same measurements.

3.4 Odometry + GPS

The state transition matrix is identity. Measurement model Jacobian is just the position portion of
the global pose measurement model. Thus,

Ci= [~ () +(CpF)*) 1 —Cyprl Gy —V + CpFlwy] (101)
and,
M;, = C;®, = Cj, = [— (£} + (C,,F)*) 1 —Cyp 7 Cp, —Vi+CpFrwi|.  (102)

Nullspace vector equation may be formed as

Min = [— (£ + (Cp,.)*) 1 —CyrX C,, —vi+ C,Flwy] |ng (103)
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