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This document provides a derivation of the semidefinite relaxation for quadratically constrainted
quadratic (QCQP) programs and shows it is the bidual (dual of the dual) of the QCQP.

1 Quadratically Constrained Quadratic Programs

A homogeneous QCQP is given by
minimize x' Qx (QCQP)
subject to X'A;x+b, =0, i=1,...,m

The Lagrangian is given by

L(x,\) = x'Qx + Z Ai(b; + xTAX) (1
=1
<_MB+J(Q+§:M&>x )
=1

such that the dual problem is given by

maximize A'b (Dual)

subject to Q + Z MNA; =0

i=1

Notice that the PSD constraint is given by half of the Hessian of the Lagrangian (2) with respect to
x, which is denoted

10°L(A -
H(A) = 5% =Q+ > NA; 3)
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To derive the bidual, the Lagrangian of the dual problem is given by

L(X,S)=ATb+ <Q+§:/\Z~Ai,s> 4)
=1
=A"b +tr ((Q + i )\iAi> s) 5)
=1
= zmj A\ib; + tr(QS) + zm: Mitr (A,S) (6)
=1 =1
= tr(QS) + i Ai(b; + tr (A;S)), (7)

=1

where S = 0 is the bidual Lagrange multiplier and X are the Lagrange multipliers of the original
dual. The inner product notation is used as (A,B) = S.M, Zjvzl A;;B;; = tr(ABT). Since
this is the Lagrangian of a maximization problem, the constraint cost terms are added instead of
subtracted. The bidual dual function is given by

q(S) = 51)1\p <tr(QS) + Xm: Ai(b; + tr (AzS))> , (8)

which means that b; + tr (A;S) = 0 for feasibility of the bidual optimization problem, which is
given by

minismize (Q,S) (Bidual-SDP)
subject to  (A;,S) +b; = 0.

The problems (Bidual-SDP) and (Dual) are the duals of each other. Furthermore, (Dual) is the
dual of the non-convex QCQP (QCQP). The optimal values of the three problems are related by
val(Dual) < val(Bidual-SDP) < val(QCQP).

Furthermore, (Bidual-SDP) is a rank relaxation of (QCQP). Since x'Qx = tr(xx'Q), letting
Z = xx' yields an equivalent problem to (QCQP) as

minimize 7,.Q
iz (2,Q)

subject to (Z,Q)+b;=0, i=1,....,m
rank(Z) = 1.

Relaxing the rank constraint into a positive semidefinite constraint yields exactly (Bidual-SDP).
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